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Abstract 

We construct a new exact solution in the 5D Einstein-Maxwell-dilaton gravity 
describing a magnetized squashed black hole. We calculate its physical character- 
istics, and derive the Smarr-like relations. The Hawking radiation of the solution 
is also investigated by calculating the greybody factor for the emission of massless 
scalar particles in the low-energy regime. In distinction to the case of asymptot- 
ically flat magnetized black holes, the thermodynamical characteristics and the 
Hawking radiation of the solution depend on the external magnetic field, and 
consequently can be tuned by its variation. 

1 Introduction 

In recent years higher dimensional gravity is investigated in various contexts such 
as string and brane-world models, and the gauge-gravity correspondence conjecture. 
Black holes solutions are of particular interest encoding information about the funda- 
mental properties of the gravitational theory, and eventually making possible its ex- 
perimental verification. Typical feature of higher dimensional gravity is that it allows 
greater abundance of black hole solutions than in four dimensions with qualitatively 
different properties pp. Ones of the most physically justified are Kaluza- Klein solu- 
tions, in which the extra dimension is compactified to a circle with a radius too small 
to be generally observed. 

In this paper we will investigate in further details the black hole solutions in the five 
dimensional (5D) Einstein-Maxwell-dilation gravity with Kaluza-Klein asymptotic. We 
construct a new exact solution which represents a static black hole situated into external 
magnetic field, i.e. magnetized black hole. The solution is only locally asymptotically 
Kaluza-Klein (M 4 x S 1 ), but globally its spacelike cross-sections at infinity represent a 
Hopf-fibration. Such geometry is characteristic for the Euclidean Taub-NUT instanton, 
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and in fact our solution reduces to a Taub-NUT instanton trivially embedded in 5D 
Lorentzian spacetime in the limit when the event horizon vanishes. For that reason 
the solution is also called a black hole on the Taub-NUT instanton being a part of a 
larger class of 5D black hole solutions on gravitational instantons [2]. 

We obtain the physical characteristics of the solution and derive the Smarr-like 
relations. The calculations are closely related to our recent results on the thermody- 
namics of 5D black holes on asymptotically locally flat gravitational instantons [3J, 
[I]. In addition, we investigate the Hawking radiation of the solution by obtaining 
the greybody factor and the luminosity for emission of massless scalar particles in the 
low-energy regime. Similar calculations are already performed for 5D vacuum squashed 
black holes [5], [6], and they reveal that the emission spectrum deviates qualitatively 
from the case of a four-dimensional black hole. Thus, the Hawking radiation of such 
black holes could be possibly used for experimental detection of extra dimensions. We 
further show that, in distinction to the magnetized black holes with flat asymptotic, the 
external magnetic field influences the thermodynamical characteristics and the Hawk- 
ing radiation of the solution, and consequently can be used to tune the black hole 
parameters. 

2 Exact Solution 



We consider the Einstein-Maxwell-dilaton gravity (EMd) in five- dimensional spacetime 
with the action 



1 = 16vr / d " x ^~ 9 ( R - 2 ^d^d u ^ - e-^F^Fp,) , 
which leads to the field equations 



R 



2d^d v <p + 2e~ 2a * ^F^FS - 6 9»vFp p F^ 



(1) 



(2) 



__„-2aipp pup 

2 c 1 vp 1 i 



0. 



where R pv is the Ricci tensor for the spacetime metric g pu , F pu is the Maxwell tensor, 
if is the dilaton field and a is the dilaton coupling parameter. We are interested 
in solutions admitting three commuting Killing vectors, one asymptotically timelike 
Killing vector £, and two spacelike Killing vectors rj and k, or more precisely, solutions 
with a group of symmetry R x U(l) 2 . Furthermore, we require that the dilaton coupling 
parameter takes the particular value a = ^8/3. Under these conditions we obtain the 
following exact solutiorQ 



. V -^(l-'-±)dt 2 + V 2 l z 
r 



r + r ,2 



r — r i 



dr 2 + r(r + r ) (d6 2 + sin 2 6>d0 2 ) 



1 This solution is actually a limit of a more general solution to the 5D Einstein-Maxwell-dilaton 
equations we obtained, which is presented in the Appendix. 
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+ V~ 1/3 ^— (dip + roo cos 6d<pf , (3) 
r + r 

where the metric function V(r) is given by 

V = l + r ^±sinh 2 7 . (4) 
r + r 

The Maxwell 2-form is expressed as 

F = dip A cL4^, + d(p A dA^, (5) 

with magnetic potentials 

As = — tanh 7 — — — cos 9, 

2 r (r + r ) 

Aj, = - tanh 7 , (6) 

The coordinates vary in the limits 0<r<oo,0<#<7r and is a periodic 
coordinate with period A(p = 2n. The real parameter 7 characterizes the electromag- 
netic field, tq > is a scale parameter and r + > denotes the position of a black hole 
horizon. The parameter is expressed as = r (r + r + ) cosh 2 7. 

The solution contains coordinate singularity (the so called Misner string) at # = 
(or B — 7r), resulting from the fact that no global chart exists for the solution manifold. 
An atlas can be defined, consisting of several charts, if the coordinate ip is identified 
with a period Aip = 47rr 00 , which ensures that the transition between the charts is 
well-defined. Consequently, the spatial cross-sections at r = const, are diffeomorphic 
to a Hopf fibration of S 3 , and the solution is described as locally asymptotically flat 
according to the classification of [7]. 

The solution we obtained is a generalization of the vacuum squashed black hole [H] , 
which is reproduced in the limit 7 = 0. It also contains a new magnetized version of 
the Gross- Perry-Sorkin monopole [9], [TO] 



ds 2 = -V-^dt 2 + V^ 



1 r 



r + r 



dr 2 + r(r + tq) (d6 2 + sin 2 



+ 



V 3 — ' — [dip -f roo cos 6d(p) 2 , 



r + r 

(7) 



as a limit at r + = 0, when the black hole horizon vanishes. 



3 Physical Quantities 

The solution is characterized by two conserved gravitational charges - the mass and 
the tension [UJ, [12], which can be calculated by generalized Komar integrals [13] 
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L 

Madm = 



167T J Si 



f [2i k *d£-i{* dk] , (8) 



T = -— / [i k *d£-2it:*dk}, 
16n J si, 



where £ = is the Killing field associated with time translations, = ^ is the Killing 
field corresponding to the compact dimension, L = 47rr 00 is the length of the S l fibre 
and S^q is the base space of S' 1 -fibration at infinity. By direct calculation we obtain 
the result 



M ADM = - (r+ + (r + r+) cosh 2 7) , (9) 



T = t ( r o + ( r o + r +) cosh 2 7) . 



In addition to the ADM mass, an intrinsic mass of the black hole is associated with 
the solution 



L r . _ L 

M H = 



•in 



f Li 

\ i k *d£ = -r+, (10) 
Jh 2 



which can be expressed also in terms of the horizon area Ah and surface gravity on 
the black hole horizon kh 



M H = —k„A h . (11) 
4tt 



The surface gravity and the horizon area are determined by 



1 . 2ll prn 1 / r n 

« W^k = yJ— = r- 1 + — 

2 L y r + 2r + cosh 7 \ r + 



-1/2 



A H = ^ded<\>di) = LVJ^ = 16vr 2 ro /2 r^ /2 ( 1 + ^ j cosh 2 7, (12) 



obviously satisfying (11) 



As already discussed, the spacial cross-sections of the solution at r = const, repre- 
sent a nontrivial 5 1 -fibration over S 2 . Consequently, the solution is characterized by 
a NUT charge, which is proportional to the first Chern class of the fibre bundle. The 
NUT charge can be calculated by the following Komar-like integral [14J 

N = ~fd(^\, (13) 



8vr J& V V 
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where k is the Killing 1-form associated with the S 1 fibre at infinity, V is its norm and 
C 2 is a two-dimensional surface, encompassing the nut. In our case this is equivalent 
to the relation 

N = -roo = — , (14) 
2 8tt' v ; 

which was derived in [3] for black holes on asymptotically locally flat gravitational 

instantons. 

In addition to the NUT charge the solution is characterized by a related quantity, 
called a NUT potential. If we consider the 1-form 

i^i k -k dk — 4A^dB, (15) 

where we use the dual electromagnetic potential B satisfying dB = i^ike~ 2aip *F, it can 
be proved that it is exact on the factor space M = M/R x U{1) 2 [I]. Consequently, 
there exists a globally defined potential x, such as 

dx = i^ik * dk — 4A^dB. (16) 

This relation determines the NUT potential for the solution we investigate. 

The NUT potential and the electromagnetic potential B possess the following ex- 
plicit form 



(r + r ) + (r + r+) sinh 2 7 ' 



2 (r + r ) + (r + r+) sinh 2 7 ' 

where they are normalized in such a way that the NUT potential vanishes at infinity, 
and the electromagnetic potential vanishes on the black hole horizon. 

The solution which we obtained doesn't possess an electric or magnetic charge. The 
electromagnetic field is characterized by the magnetic flux \l/ through the base space 
S 2 ^ of the S^-fibration at infinity 




* = / F = tanh7 — . (18) 

It is worth noting that the physical characteristics of the solution are affected by 
the external magnetic field, while such influence is not observed in the case of asymp- 
totically flat magnetized black hole solutions [15], [16]. The dependence is realized 
through the parameter 7, which can be also expressed by means of the magnetic flux 

as 



cosh 7 



1 
2 



1 + 



4^2 



\ (r + r + y 



(19) 
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4 Smarr-like relations 



The physical characteristics of the solution, which we discussed in the previous section 
are connected by a set of geometrical relations, called Smarr-like relations for the mass 
and the tension. They can be derived by considering the Komar integrals ([8]), reducing 
them to the factor space of the spacetime with respect to the isometry group M , 
and performing a series of transformations by using the spacetime symmetries and the 
field equations. The major part of the calculation coincides with the investigation of 
a related solution in [4j, so we will mention here only the basic steps referring the 
reader to the corresponding article for further details. The so-called interval structure 
associated with the solution [T7], which determines the boundary of the factor space 
M is of basic importance for the calculation. In our case it consists of the following 
intervals 

• a semi-infinite space-like interval located at (r > r + ,9 = n) with direction II = 

(0,7-00, 1); 

• a finite timelike interval located at (r = r+, < 9 < tt) with direction l H = 0, 0) 
corresponding to the black hole horizon; 

• a semi- infinite space-like interval at (r > r+, 9 = 0) with direction Ir — (0, — r^, 1), 

where the directions of the intervals are determined with respect to a basis of Killing 
vectors {|,^,^} ; 

As a starting point of the calculation we consider the Komar integral for the tension 
and reduce it to the factor space 

L f 

TL = — [i^ik *d£,— 2i v i£ * dk] (20) 

8 J Are(oo) 

where the integration is now performed over the semicircle representing the boundary 
of the two-dimensional factor space at infinity. Using the Stokes' theorem the integral 
can be further expanded into a bulk term over M and an integral over the rest of the 
boundary of the factor space represented by the interval structure 

L r L f 

TL = — I {di^ik* d£ — 2di v i£* dk] V] / {i v ik * d£ — 2i v i^ * dk] 

8 J m s 8 • J i, 

1 L f L f 

= -Mh + — / i v i£*dk + — / [di v ik * d^ — 2di v i^ * dk] , (21) 

2 4 Ji L \Ji R 8 J m 



where Mh is the intrinsic mass of the black hole (10). 
The bulk integral can be expressed as 

L r L r 

— / [di„ik * dt; — 2di v ic * dk] = — / [i„ik* R(0 ~ 2i v ie* R(k)] 
8 J m ' ' 4 J M 

L 

2 Jm 



f \dA^ A i v i,e- 2aip * F + dA^ A i k ue~ 2aip * F 
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taking account of the Ricci-identity d * dk = 2 * R{k) and deriving from the field 
equations the relation 



* R(k) = -2e~ 2aip [-\hF A*F+^F Ai k *F 

both of which apply for any Killing field k. 

We can further simplify the expression using the Stokes' theorem 



(22) 



L 

2 J 
L 



dA^ A i v i^e- 2av * F + dA^ A i^e -2 ^ ★ F 
f A^i v i^e~ 2a<p * F + A^i k i^e~ 2av * F — 

J Arc(oo) 



A^i v i i e~ 2av * F + A^iki^- 2 ^ * F 



2 

-I 

2 Ji L \Ji E 

and showing that the integral over the boundary of the two-dimensional factor space at 
infinity vanishes due to the explicit form of the electromagnetic field. Thus, we obtain 
the relation 



1 L f l 

TL = -M H + - Lu-kdk-- , 

which can be also represented as 



V« e ~ 2m ^ * F + A^e- 2 ^ * F 



TL = \m h + LAT X + ^ / (A^ + r^) dB + ^ f (A^ - rj^) d6, (23) 

where x is the value of the NUT potential on the horizon. We introduce the potentials 
$l = A$ + r^A^ and $r = — r^A^. They are constant of the left and right 
semi- infinite intervals respectively, and satisfy = — ®r\i r - m this wa Y we obtain 

the Smarr-like relation for the tension 



TL = X -M H + LN X + L$ R B(oo) 



(24) 



where B(oo) is the asymptotic value of the electromagnetic potential (17). The relation 



can be expressed also by means of the magnetic flux \1/ at infinity ( 18 ) 



TL = -M H + LN X + * J, 

where we have introduced an effective current sourcing the magnetic field 

1 



J = - J 2 e~ 2cl % * F = n tanh jr c 



(25) 



(26) 



In a similar way if we take advantage of the Komar integral definition of the ADM 
mass we can derive the Smarr-like relation for the mass 



M = M H + ^LN X + L$ R B(oo) = M H + ^LN X + *J. 



(27) 
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5 Hawking radiation 



It is well known that in a semi-classical approximation black holes emit particles as a 
black body with temperature proportional to the surface gravity of the horizon [T8] . 
The emission is characterized by an exact thermal spectrum only at the vicinity of the 
horizon. If observed at infinity, it is modified by a factor, called greybody factor, due to 
the interaction of the radiation with the non-trivial geometry of the curved spacetime 
acting as an effective potential barrier. The greybody factor reflects the probability 
of an out-going wave with a certain frequency to reach infinity, and it is equivalent 
to the absorption probability for the same frequency mode, i.e. the probability for an 
in-coming wave to be absorbed by the black hole. 

There exists a simple procedure for calculating the absorption probability in cases 
when the differential equation describing the propagation of a field in a particular 
spacetime is separable. Then it can be reduced to a Schrodinger-type equation for some 
radial coordinate with an effective potential encoding the properties of the propagating 
field and the spacetime geometry, and the problem reduces to the quantum mechanical 
problem of wave scattering by a potential barrier. Although the Schrodinger-type 
equation cannot be solved exactly in most of the cases, an approximation scheme can 
be applied in the low-energy limit, when the wave length of the emitted particles is 
larger than the characteristic scale of the black hole horizon. Classical examples of 
such calculations are [T9"]-[2"2"]. 

In this section we will calculate the absorption probability of the magnetized black 
hole solution we presented in section 2 for massless scalar fields. We consider the 
corresponding field equation in the spacetime described by (j3]) 

□$ = 0. (28) 
The equation is separable and possesses the following type of solutions 

$ = e ~ iwt R(r)e- i ^e im ' t 'S(9), (29) 

with radial and angular functions R(r) and S(9) satisfying a set of differential equations 



F d ( 2r ^dR\ 




—A (-4) - ^ s - - 2j ^f s = - («< + d - » 2 ) s - 

sin Odd \ d6 snr 9 snr 9 snr 9 v ' 



where we have introduced the functions F = 1 — r + /r, K 2 = 1 + r /r, and U = KV 1 ^ 2 
for convenience. The angular equation is solved in the so called spin-weighted spherical 
harmonics s Y^ m with parameters s = Ar^ < I and m = —£, —I + 1, ...,£. The radial 
equation can be transformed into a Schrodinger-like equation 

- d ^ + V(p)Y = u 2 Y, (31) 



S 



by making the coordinate transformation dp = (U/F)dr and introducing a new radial 
function Y(r) such as R(r) = Y(r) / \Jr 2 U . The potential V(r) is given in terms of the 
initial radial coordinate by the following expression 



V 



-K 2 F +{£{£+ I) -s 2 



+ 



dF 1 F 2 d 2 U 



2 U 2 rU 2 dr 2 U 3 dr 2 




1 F dFdU 
+ 2U*~dr~dr' 



(32) 



V(r) 




Figure 1: The effective potential V(r) for several values of the parameters of the spin- 
weighed spherical harmonics. The dot line corresponds to £ = s = 0, the dash and 
dash-dot lines correspond to £ = 1, s = and £ = 1, s = 0.5, respectively, and the solid 
line corresponds to £ = 2, s = 0. The solution parameters are chosen as r + = 1, r = 2, 
and 7 = 0.2. 

We consider the scattering of an incident wave at infinity by the effective potential 



(32). Taking into account the properties of the spacetime, we require that no outgoing 

black hole horizon is located there. 



wave should be present at p — > — oo, 
the physically relevant solutions should obey the boundary conditions 



Y(P) 



-Ktlp 



ILdp 



7»e- 



'ILOp 



p — y oo 
p —7- — oo 



Thus, 



(33) 



where Tiu) and lZ(u) are the transmission and reflection coefficients, respectively. 
By definition the absorption probability |^4(w)| 2 is proportional to the transmission 
coefficient, i.e. \A(u)\ 2 = \T(u)\ 2 = 1 - \1Z(uj)\ 2 . 

The Schrodinger-like equation cannot be solved exactly, for that reason we will 
find the absorption probability only for low energies of the scalar field, when an ap- 
proximation scheme can be applied. The low energy regime implies frequencies that 
satisfy 



w<T cor + 1, 



(34) 
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where r + is the horizon radius, and T is the black hole temperature. Then we can 
define several regions in spacetime, solve in each of them an approximate form of the 
Scrodinger-like equation which is valid in the particular region, and match the obtained 
solutions at the common region boundaries. The local solutions can be matched with 
a high accuracy because in the low energy limit the wave-length of the scalar field is 
much larger than any of the characteristic scales associated with the black hole. Usually 
the following three regions are defined: a near horizon region, where r ~ r + , and the 
frequency is much larger that the effective potential, u 2 3> V(r), an intermediate 
region, where the effective potential is much larger than the frequency, V(r) 3> u 2 , and 
asymptotic region, where r ^> r + . It is reasonable also to assume that i = as the 
leading contribution to the absorption probability in the low energy limit comes from 
this mode. 

Applying the approximation scheme we briefly described, we obtain that the radial 



equation (31) reduces to the following form 




r'F^j + u 2 r% \l + 2.1 cosh 2 1 R = (35) 

in the near horizon region. It can be solved by using the transformation dr = r 2 Fdy, 
thus obtaining a solution 



Rh = cli exp iujr 2 + cosl^yl H — - yj , (36) 

where we have taken into account the boundary condition that only ingoing waves 
should be present at the horizon. 

In the limit r » r +) which corresponds to the boundary of the near-horizon region 
with the intermediate region, this solution becomes 



1 — iur + cosh 7, 1 H — - log (r — r H 



r 



+ 



(37) 



Next we consider the intermediate region with a characteristic scale r ~ 77 . We 
can neglect the frequency compared to the effective potential there and obtain the 
approximate equation 




> „ dR \ 

,2 r-i I 



which is solved by 



r + \ r 

The solution has the following limit at r ~ r+, corresponding to the boundary with 
the near-horizon region 
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Ri = b 2 + — log (r - r+) 



(40) 



which should be equivalent with the near-horizon solution (37), and another limit at 



(41) 



corresponding to the boundary with the asymptotic region. 

Finally, in the asymptotic region r ^> r + the following approximate equation applies 



1 d ( 2 dR\ 



r 2 dr \ dr J 
It can be solved analytically as 



r^— +u z R = 0, 



sin(wr) cos(o;r) 
Ra = C\ c 2 



(42) 



(43) 



and the solution tends to 



UJCi — 



Co 



(44) 



in the limit o;r <C 1. This limit overlaps with the intermediate region, since lotj <c; 1 is 
satisfied for its characteristic scale rj when low energies are considered. Consequently, 



the expression (44) should be equivalent to the intermediate region solution (41). 



As a result of the described calculation the following matching conditions should 
be imposed on the integration constants of the local solutions in the three regions 



a i 
b 2 



UCt, 




(45) 



reflecting the equivalence of solutions (37) and (40), as well as (41) and (44) 



The solution in the asymptotic region can also be presented in the form 

n —IC\ — C2 , . , , K1-C2 . 

Ra = exp (tour) H exp (— tour) 



2r 



2r 



(46) 



Hence, the reflection coefficient is given by 1Z = (ic2 — ci)/(ic2 + ci), where the constants 
C1/2 can be expressed by means of the frequency and the spacetime parameters by 
considering the matching conditions (45). 



Consequently, we obtain the absorption probability 



|^| 2 = 4cA-;Ml + ^cosh7 



u 2 A 



H 



ttL 



(47) 
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where Ah is the horizon area (12) and L is the length of the compact dimension. The 
luminosity of the emission of a particular kind of uncharged particles with absorption 
probability A is determined by the expression 



£>= — < w\ t > ^ 

Jo Z7T exp {oj/1 ) — 1 



where T = kh/2-k is the black hole temperature. Taking advantage of eq. (47) we 
obtain the luminosity of emission of massless scalar particles at low energies for our 
solution 

£= * (l + I^e«h- 7 ==^. (49) 
19207rr^ \ r + J 1 30L v ' 

These expressions reveal that the absorption probability and the luminosity are affected 
by the external magnetic field, with eq. (19) giving the explicit dependence on the 
magnetic flux \l/ at infinity. 



Appendix 

The 5D Einstein-Maxwell-dilation equations with a dilaton coupling parameter a = 
y8/3 possess the following more general black hole solution 



f/.s- - ( i - r -±) (vw 2 y 1/3 (dt +w i ) 2 + 



(V 2 W) 1/3 \ T -^dr 2 + r(r + r ) (dd 2 + sin 2 ddtf) + cosh 1 ( # + cos9d(j) ) 

\ ) l r — r+ v ) r + r 



e v a 



The 1-form W l and the metric functions W and V are given by 



W l = sinh 7 cosh d sinh d r + cos #g?0, (50) 



W = 1 + — sinh 2 v, 

r 

V = cosh 2 7 - r - r+ W sinh 2 7, (51) 
r + r 

and the Maxwell 2-form is expressed as 

F = dt A dA t + dtp A dA^ + dtj> A cL4^, (52) 

with electromagnetic potentials 

1 r 

v4 4 = — - cosh 7 cosh v sinh 1; -s — , (53) 

2 r + r + sinh v 

12 



A^ = - cosh 7 sinh 7 



, n , cosh 2 t; i? 2 

- 2r + + r + r + — — - + — ^ 
Vv r + r 



cos#, (54) 



1 R 2 

Ad, = - cosh 7 sinh 7 — — . (55) 

2 r + r 

The coordinates vary in the limits 0<r<oo,0<#<7r and is a periodic 
coordinate with period A0 = 2ir. The parameters 7, r and r + take the same ranges 
as in section 2, .R^ is expressed as R 2 ^ = r (r + r + ), and v is a second real parameter 
characterizing the electromagnetic field. In the limit v = the solution reduces to the 
magnetized black hole which we discussed in section 2. 

The solution possesses coordinate singularities at 9 = (or 9 = n), which can be re- 
solved if the coordinates t and ip are identified with periods At = An sinh 7 cosh v sinh v r H 
and = 47T. Consequently, the cross-sections at r = t — const., and at r — ip — 
const, represent Hopf fibration of S 3 with S 1 fibres parameterized by the if) and t co- 
ordinates, respectively. Due to the periodic identification of the time coordinate the 
solution contains closed time-like curves, meaning that the causality of the spacetime 
is violated. In the limit at v = 0, however, the fibre bundle associated with the time 
coordinate becomes trivial and no closed timelike curves occur. 
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